The extended thermodynamic properties of the Taub-Bolt-AdS spacetime in four dimensions are similar to those of the Schwarzschild-AdS black hole, and in a high temperature expansion they begin to deviate only at relatively high subleading orders. By analogy with what has been done for black holes, Taub-Bolt's thermodynamic equations are used to define holographic heat engines, the first examples of gravitational heat engines defined using a spacetime that is not a black hole. The Taub-Bolt engine efficiency is computed for two special kinds of engine cycle and compared to the results for analogous Schwarzschild black hole engine cycles.
The extended thermodynamics arising from the semi-classical quantum treatment of gravitational systems [1] [2] [3] [4] [5] (in which there is additionally [6] a pressure p and volume V ) can produce interesting equations of state. These can be used as valuable thermodynamic models beyond the gravitational context in which they might first arise. Part of the attraction here is that explicit knowledge of the underlying spacetime metric can produce closed form expressions for several thermodynamic quantities even in regimes where standard computational tools from statistical mechanics and thermodynamics might be difficult to apply. Although it is still too early to tell, this could be a toolbox with wide applications [7] .
While most of the focus of studies of extended thermodynamics has been on black hole spacetimes and the rich family of phenomena that can be explored using them [8] , it was pointed out in ref. [9] that the core extended thermodynamics quantities (e.g. the enthalpy H and thermodynamic volume V ) can be computed and given meaning for spacetimes that are not black holes. The examples used in that work were the Taub-NUT and Taub-Bolt spacetimes, (both for negative cosmological constant Λ, and for Λ = 0 as a smooth limit). A special case of the Taub-NUT example also shows that it works for a special time-slicing of pure AdS 4 [9] , and a recent paper [10] defined the extended thermodynamic quantities for flat space Rindler in D dimensions by studying a special double limit (large-charge and near-horizon) of a family of critical charged black holes.
Putting aside whether the various Euclideanized spacetimes that might be treated actually have a Lorentzian interpretation or not, the thermodynamic quantities and equations of state derived from them can be taken at face value as interesting model systems to study and perhaps use in other applications.
This Letter begins by pointing out that the extended thermodynamic quantities derived in ref. [9] for Taub-Bolt-AdS 4 (building on the traditional thermodynamic work of ref. [11] [12] [13] ) together define a system that, looked at the right way, is (locally) very similar to the Schwarzschild-AdS 4 system of thermodynamics [14] [15] [16] . Specifically, they have the same behaviour at leading orders in a high temperature expansion, but begin to deviate from each other at subleading orders.
The two spacetimes can be readily seen to differ globally, of course since the "NUT-charge" parameter (see below) comes with a topological twist, making the Euclidean boundary at large radius not S 1 ×S 2 , but S 3 . However, in the spirit of the opening paragraphs, at face value the thermodynamic systems are locally extremely similar, as will be explored below.
One way to compare two thermodynamic systems is to put them to work: Black holes can be used to define "holographic heat engines" [17] -cyclic systems that, with a net heat input Q H and output Q C per cycle, do mechanical work via the pdV terms in the First Law of thermodynamics:
The other main point of this Letter is to observe that the thermodynamic equations of Taub-Bolt can also be used to define heat engines. This is likely to be the case for other non-black hole spacetimes. We compute the efficiency η = W/Q H = 1 − Q C /Q H for Taub-Bolt and Schwarzschild engines for two different kinds of engine cycle in order to compare the two classes of engine. The comparison has an ex-tra wrinkle of interest to it since the expressions for the thermodynamic volume and entropy of the Taub-Bolt spacetime are non-trivial (as compared to Schwarzschild), and the specific heat at constant volume (C V ) is non-vanishing, in contrast to most examples studied in the literature so far [18] . Let us work in D = 4, with action:
The cosmological constant Λ = −3/l 2 sets a length scale l, and we have set Newton's constant G and the speed of light c to unity (as we will later for and k B ). The spacetime of interest, after Euclideanization, is [19] :
where τ is Euclidean time with period β and r is a radial coordinate. The angles θ and φ are the standard ones on a round S 2 . Here, n is the "NUT" charge. If it vanishes, this spacetime is simply Euclideanized Schwarzschild (in AdS), the parameter M is the mass, and the usual thermodynamic results follow by applying the standard techniques. If n is non-zero the spacetime is an AdS generalization of either Taub-NUT [20, 21] or Taub-Bolt [22] , depending upon whether the function Y vanishes at r = n or at r = r b > n The latter shall be our focus. The parameter n defines the period of the Euclideanized time τ which is fixed (in order to remove Misner strings [23] ) to be β = 8πn. In the extended thermodynamics with dynamical pres-
2 , the various thermodynamic quantities turn out to be [12, 13, 24] :
where the bolt radius r b comes in two branches, the upper (the plus choice) and the lower (the minus).
These are analogous to the large and small black hole branches seen [14] for the thermodynamics of Schwarzschild in AdS. Indeed the thermodynamic phase structure is not dissimilar, with the upper branch being thermodynamically favoured above a transition temperature. We will stay above that transition temperature for all of this paper, and so it is the upper branch of r b that will get our attention. It is worth remarking here that the system (4) is arranged in quite a different way from that which arises from Schwarzschild, and indeed other black holes. For the latter, the periodicity β comes from removal of conical singularities arising from the vanishing of Y (r) at the horizon (at r = r + ), and as such gets determined by (the r-derivative of) Y (r) there: β = 4π/Y | r+ . For Taub-Bolt, the period is fixed by the topology of the fibration of the τ -circle over S 2 , and so Y is not involved, only n, which enters the fibration through the cross-term in the metric (3) . While the temperature formula is therefore simpler, the entropy is not 1/4 of the area of the horizon, as it is for black holes, but instead is of a more complicated form that can be attributed to additional geometrical contributions from Misner strings [25, 26] . So there is a trade-off in where the complexity of the systems of equations come from. On the other hand there are similarities: the mass (enthalpy) M and radius r b follow from the vanishing of Y (r) at r = r b in a similar way to how the analogous quantities arise for black holes.
For comparison, here are the thermodynamic quantities for Schwarzschild [14, 15] :
The equation of state p(V, T ) follows from the temperature equation, while for Taub-Bolt it is contained in the equation for r b since that is the equation relating r b , n, and l. The content of the TaubBolt equation of state can be seen by developing a large T expansion. Take the small n expansion of the upper branch r b equation r b = l 2 /(6n) − 2n − 18n 3 /l 2 + · · · and writing in terms of T and p one gets:
which resembles the equation for r + one would get by expanding the black hole temperature equation in (5):
Crucially, the coefficients begin to disagree at the third term, corresponding to the dependence on n.
In a manner analogous to how a high T expansion can be developed for all black hole quantities by using the r + expansion [27, 28] , one can do the same here to any desired order for Taub-Bolt using the r b expansion:
The first line (the equation of state) starts out with the same "ideal gas" behaviour that D = 4 black holes have: pV 1/3 = (π/6) 1/3 T , the same leading correction, and then the third and fourth terms show the beginning of the differences at higher order (for Schwarzschild it would be −1/48 and −1/32 for the rational coefficients, respectively), with a similar story in the entropy expansion (−5/64 and −1/64) while the mass/enthalpy expansion starts disagreeing already at second order (the black hole has instead −1/8, −1/12, and −3/32 respectively).
This all makes Taub-Bolt a very interesting counterpart to the Schwarzschild black hole. Rather than being some deformation of it (by a parameter such as rotation, or charge under some additional sector like Maxwell or Born-Infeld, or via the addition of high order curvature sectors) it comes with no adjustable parameter. Instead it is just a new thermodynamics that, while sharing the high temperature limit, deviates at lower temperature.
In this spirit it is interesting to compare the features of holographic heat engines that can be defined with these equations of state. Presumably the engine efficiencies (compared for the same cycles in the (p, V ) plane) will differ, although one can anticipate that if working in a regime where the high temperature expansions hold, the differences will be small. This is easy to see since it is possible to write exact expressions for the efficiency in some circumstances [29] . For static black holes there is a natural engine cycle made of a rectangle in the (p, V ) plane (where p is the vertical axis) with corners labelled 1, 2, 3, 4 respectively (going clockwise starting from top left). Steps 1-2 and 3-4 are isobars, while the vertical steps are isochors for which there is no heat flow as C V = 0. Since the First Law written in terms of the enthalpy (mass) is: dH = T dS + V dp ,
the heat flow along the isobars is just the mass difference and so:
where M i is the mass evaluated at the ith corner. Since, in the high temperature expansion, the masses of Taub-Bolt and Schwarzschild differ already by four orders, this expression suggests that the differences are going to be small, as will be conformed below. Along similar lines, it is easy to write an expression for Taub-Bolt's efficiency on the same shape of cycle. Here, C V = 0, and so there are heat flows along the vertical segments as well. But we can proceed by noting (as done in ref. [30] ) that along an isochor, the First Law presented in the form (1) gives the heat flows in terms of changes in the internal energy U . So:
where in the last step the relation U = M − pV was used to write everything in terms of M , p and V . Using this formula exactly is hard if the engine cycle is specified in terms of pressures and volumes at each corner. The equations (4) don't readily allow for exact evaluation of M (or U ) if p and V are specified, because the dependence of V on r b , n, and p is rather complex. However the large T expansion (8) makes it easier to proceed, and this is what we shall use, for a numerical exploration of the efficiency comparison. At any given corner, once a p and a V have been specified, the temperature T can be computed by solving (numerically) the equation of state (the first equation in (8). The mass M can then be computed (using the third equation in (8)), and in this way, the efficiency of the cycle evaluated using either form of equation (11) . This can then be compared to the efficiency of the black hole for the same cycle, computed using the equivalent large T expansion for M truncated to the same order, and also (as a check) the exact formula for M .
The results are as follows: Wherever we reliably explored (staying well above the transition temperature for a given pressure) on the (p, V ) plane, the black hole engine's efficiency was greater than that of the Taub-Bolt, but (as expected) by a very small margin. For example, for p 1 = 10, p 4 = 5 and V 1 = 5 and V 2 = 10, the black hole heat engine has η bh = 0.4986252 while for Taub-Bolt η tb = 0.4986198, (after rounding), and so the difference was 5.40 × 10 −6 . This is consistent with the fact that T averaged about 18 over the cycle, and so the differences showed up at the predicted order given that the expansions for M start to differ four orders down: (18) −4 ∼ 9.4 × 10 −7 . The cycle was moved to different parts of the (p, V ) plane (while staying at high enough T ) to suggest robustness of the observation, but of course it is possible that outside the high T regime the difference reverses sign.
It is also possible that this test was biased toward the black hole since the rectangular cycle could conceivably be better adapted to the black hole system given that there is no heat flow for its vertical segments. This is where the benchmarking scheme outlined in ref. [31] proves useful. There, it was argued that a cycle that has no special features should be used as a means of comparing the performance of different working substances (i.e. different black holes and other spacetimes) and a circle in the (p, V ) plane was suggested as the "benchmarking" cycle.
As an example of a benchmark circle we chose (p = 15, V = 50) for the circle's centre, and radius 10. The efficiency was calculated here by a numerical evaluation of the heat flows around the circle. Figure 1 shows the temperatures computed for Taub-Bolt at 100 points around the circle parameterized by a clockwise-running θ (starting on the circle's rightmost point), while figure 2 shows samples of the heat flows at those same points. Similar results can be obtained for Schwarzschild, and the number of points were increased to 500 for added accuracy. The results for this circle were η bh = 0.6872429297 and η tb = 0.6872429002, with the black hole heat engine again winning by a narrow margin (2.95 × 10 −8 ) as before. Benchmarking circles were computed at a variety of (sufficiently high T ) points on the (p, V ) to check robustness of this. Again, it is possible that outside the high temperature regime the difference reverses sign, but to check that would require different methods. CVJ thanks the US Department of Energy for support under grant de-sc0011687, the Simons Foundation for a Simons Fellowship (2017), and Amelia for her support and patience.
